In this paper, we study the market of the CBOE S&P 500 three-month variance futures that were listed on May 18, 2004. By using a simple mean-reverting stochastic volatility model for the S&P 500 index, we present a linear relation between the price of fixed time-to-maturity variance futures and the V IX 2 . The model prediction is supported by empirical tests. We find that a model with a fixed mean-reverting speed of 1.2929 and a daily-calibrated floating long-term mean level has a good fit to the market data between
Introduction
Volatility/variance has become an asset class in its own right. In late 1990s, Wall Street firms started trading variance swaps, forward contracts written on the realized variance.
These swaps are now the preferred route for many hedge fund managers and proprietary traders to make bets on market volatility. According to some estimates, the daily trading Table 1 provides a brief summary of these products.
The study on the exchange market for volatility trading has been growing rapidly in the last few years. Zhang and Zhu (2006) Currently the VIX futures and options are the most liquid exchange-listed volatility products. The S&P 500 (SPX) three-month variance futures are much less liquid than the VIX futures. For example, on November 21, 2007, the trading volume of the VIX futures was 3,303 contracts, which was 40 times greater than 76 contracts, which was the trading volume of the SPX three-month variance futures. For the period between May 18, 2004 and August 17, 2007 , the average open interest of SPX three-month variance futures was 217 contracts, while the average daily trading volume was 4.7 contracts. We show here that a variance futures contract is much simpler in terms of pricing, because it can be replicated by a portfolio of the S&P 500 index options. It is puzzling to us why the trading volume 2 Other related literatures are as follows. Carr and Wu (2006) tell the story how the CBOE developed its new volatility index, VIX. They propose a theory to calculate an upper bound for VIX futures price, and the variance of the VIX at future time by using current prices of European options with different strikes. Dotsis, Psychoyios and Skiadopoulos (2007) study the jump diffusion models for the volatility indices, such as VIX, VXO, VXD, VDAX and VX1/VX6. Jiang and Tian (2007) examine the robustness of the CBOE procedure in calculating the new VIX. Konstantinidi, Skiadopoulos and Tzagkaraki (2008) address the question whether the evolution of implied volatility can be forecasted by studying a number of European and US implied volatility indices. Carr and Wu (2009) study the variance risk premiums of individual stock options market. Duan and Yeh (2007) develop an estimation method for extracting the latent stochastic volatility from VIX.
of SPX three-month variance futures is much lower than that of VIX futures, which seem to be a more complicated product.
The difference between three-month and 12-month variance futures is the length of the period to calculate the variance. We use three-month futures as an example to describe the nature of the contract. The final settlement value of a three-month variance futures contract is the annualized realized variance of the S&P 500 index within the three months before the maturity multiplied by 10,000. The formula to calculate the annualized realized variance (RV ) is given by
In this formula, R i = ln(S i+1 /S i ) is the daily continuously compounded return of the S&P 500 index. S i+1 is the final value of the S&P 500 index to calculate the daily return. S i is the initial value of the S&P 500 index to calculate the daily return. N e is the number of expected S&P 500 values needed to calculate daily returns during the three-month period.
The total number of daily returns expected during the three-month period is N e − 1. N a is the actual number of S&P 500 values used to calculate daily returns during the threemonth period. Generally, the actual number of S&P 500 values will equal the expected number of S&P 500 values (represented by N e ). However, if one or more "market disruption events" occurs during the three-month period, the actual number of S&P 500 values will be less than the expected number of S&P 500 values by an amount equal to the number of market disruption events that occurred during the three-month period. The total number of actual daily returns during the three-month period is N a − 1. During the calculation of the realized variance, the average daily return is assumed to be zero. The daily return squared is used as a proxy for the daily variance. This practice has become an industry standard in calculating the settlement value of variance swaps.
The three-month realized variance computed from formula (1) is not a traded asset, even though it is observable. Therefore, the variance futures cannot be priced relatively by the no-arbitrage principle. The variance futures price is the expected value of future realized variance in a risk-neutral measure. The variance futures price process will provide us useful information on the risk-neutral dynamics of instantaneous variance.
In Section 2, we present a simple model for the variance futures price based on the Heston (1993) stochastic variance model for the S&P 500 index. The model links the three-month variance futures price with the VIX. The data is described in Section 3. The model is tested in Section 4. The paper is concluded in Section 5.
The model
We now use a simple model to establish the relationship between variance futures prices and instantaneous variance. Since the VIX is also related to instantaneous variance, we can build a relation between variance futures prices and VIX.
In the physical measure, P, the S&P 500 index (SPX), S t , is assumed to follow the Heston (1993) stochastic volatility model as follows:
where µ is the expected return on an investment in the SPX index and , model the uncertainties within the time period from t to t + dt in the SPX index and the instantaneous variance. They are assumed to be correlated with a constant coefficient, ρ.
We change the probability measure from the physical one, P, to the risk-neutral one, Q, as follows:
where r is the risk-free rate and λ is the market price of volatility risk. We obtain the dynamics of the SPX index in the risk-neutral measure
where dB 
From equation (6), we immediately have the conditional mean of the future instantaneous variance:
which is a weighted average between θ and V t , with e
as the weight. It can be regarded as the price of futures written on the instantaneous variance.
VIX and the variance risk premium
The CBOE volatility index, VIX, is defined as the 30-day variance swap rate 
For a positive κ, B 0 is a number between 0 and 1. 
where (10) gives
where the last two equalities are due to the Taylor expansion for small λτ 0 and κτ 0 . The variance risk premium is almost proportional to the market price of volatility risk, λ, if λτ 0 is small.
Variance Futures
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Variance futures
We consider three-month variance futures with maturity at T . The contract will be settled at T with the realized variance between T − τ 1 and T , where τ 1 = 3 months = 1/4 year.
For forward-starting variance futures, 0 < t < T − τ 1 , the futures price is given by
For a positive κ, B is a number between 0 and 1, and B → 0 if T → +∞. The price of very long maturity variance futures is equal to the risk-neutral long-term mean level of the variance. Combining equations (9) and (12) gives a relationship between the price of forward-starting variance futures and the VIX index:
which is a weighted average between the long-term mean level, θ, and V IX t 100 2 with B B 0 as the weight.
For backward-starting variance futures, T −τ 1 < t < T , the annualized realized variance between T − τ 1 and t is given by
where N + 1 is the total number of days between T − τ 1 and t. The futures price is then given by
where
. It is a weighted average between the realized variance (RV ), the long-term mean level, θ, and
The observable VIX can be regarded as the underlying financial variable of the variance futures.
Data
We construct 30-day and three-month historical variance (HV) by using formula (1) Table 2 provides the summary statistics of all contracts. For all contract months, the average open interest was 217 contracts, while the average daily trading volume was 4.7 contracts.
Normally the contracts lasted for a year. The average variance futures price changed from 4 Empirical evidence
The relationship between variance futures and VIX
As described in equation (13), with the assumption that the instantaneous variance is mean-reverting, we can establish a linear relationship between a forward-starting threemonth variance futures price and the VIX as follows
To test this relation, we need to construct a fixed time-to-maturity variance futures series. Table 3 provides the summary statistics of their levels and returns. The returns are computed as the logarithm of the price relative on two consecutive end-of-day prices.
Both the levels and returns of the fixed time-to-maturity variance futures are positively skewed. Figure 1 shows the time series of three-month historical variance HV (the threemonth historical variance at time t, HV t , stands for the annual variance calculated with equation (1) for the period between t − 3/12 and t), VIX 2 and variance futures with three fixed times-to-maturity. Table 4 presents the correlation matrix between the levels and returns of the S&P 500 index, VIX, VIX relationship using the following equation:
with fixed time-to-maturity, τ ≡ T − t, where V t could be VIX 
Variance mean-reversion parameters
For three-month-to-maturity variance futures, τ = 1/4, we obtain from regression that The last two sets of parameters are very close, whereas the first set is not close to the last two. Figure 1 and Table 3 show that the three-month-to-maturity variance futures prices are relatively low compared with the six-and nine-month-to-maturity variance futures prices. The average prices of the three fixed time-to-maturity variance futures contracts are 196.06, 248.18 and 268.44. The difference between the three-month and six-month prices is 52.12, which is much higher than 20.26, the difference between the six-month and nine-month prices. This is because when we construct the three-month-to-maturity variance futures price, we sometimes use information on realized variance. The realized variance is smaller than the implied variance due to the negative variance risk premium.
Our construction procedure might underestimate the values of three-month-to-maturity variance futures prices.
We now study the stability of the parameters, (κ, θ). On each day, we calibrate the variance futures pricing model by using the market prices of four variance futures with different maturity dates and obtain a time series of the parameters. As observed in the top two graphs of Figure 3 , the values of these parameters are not constant. They sometimes change dramatically. This calibration exercise shows that our simple model based on constant parameters might not be good enough to capture the dynamics of variance.
With the daily calibrated set of parameters, we can recalculate the prices of three fixed time-to-maturity variance futures contracts by using our pricing model ( Finally, we solve following minimization problem:
where index i stands for ith day, index j stands for jth contract on a particular day, I = 811 is the total number of days in the sample. We obtain an optimal set of parameters, κ = 1.2929, θ = 0.034151, calibrated unconditionally.
In the top two graphs of Figure 3 , we observe that the dramatic changes in κ and θ are often coupled with each other, which suggests that there might exist multiple solutions in the calibration exercise, i.e., minimizing the sum of the squared errors of four variance futures contracts. To test this conjecture, we fix κ = 1.2929 and calibrate θ. The result in the lower graph of Figure 3 is much more stable than before. We further calculate the prices of three-, six-and nine-month variance futures with the fixed κ and floating θ and present them together with the results from the floating κ and θ in Figure 4 . The results show that the method of keeping κ fixed provides a stable θ and reasonably accurate variance futures prices. Our empirical study suggests that the following model for the S&P 500 index:
is probably the simplest but a reasonably good choice for the variance futures pricing.
Variance risk premium
The 30-day historical variance at time t, HV t , stands for the annual variance calculated with equation (1) With the fixed κ calibrated from the whole sample, κ = 1.2929, and a daily calibrated floating θ, we can calculate the instantaneous variance, V t , from the time series of V IX t with equation (9), which is shown in the top graph of Figure 6 . We observe that the processes of V t and V IX 2 t are highly correlated with each other. Finally, we calculate the market price of volatility risk, λ, with equation (11) . It is negative most of the time as shown in the lower graph in Figure 6 with an average value of -19.1184.
The values of the parameters κ, θ t , V t and λ t calibrated from the variance futures market should be used to price S&P 500 index options and other volatility derivatives, such as VIX futures and options.
There are two types of volatility/variance derivatives that have been traded on exchanges.
One is written on the realized variance. The other one is written on some kind of implied volatility, such as the Chicago Board Options Exchange (CBOE) volatility index, VIX.
In this paper, we study the market of three-month variance futures by using the CBOE price data from The second comment is on the mathematical tools in modeling the volatility process.
Our formulas for the VIX, variance risk premium and variance futures price are derived under Heston (1993) model, i.e., the risk-neutral instantaneous variance in equation (6) is modeled with mean-reverting squared-root process. But our results still hold if the increment of the Brownian motion, dB 7 The parameter values are from κ * and δ V of SV2 model in the last panel of The CBOE Russell 2000 Volatility Index, more commonly referred to as RVX, is an upto-the-minute market estimate of expected volatility that is calculated by using real-time Russell 2000 Index (RUT) option bid/ask quotes.
The CBOE Nasdaq-100 Volatility Index (VXN) is calculated by using real-time Nasdaq-100 Index (NDX) option bid/ask quotes.
VDAX-NEW is calculated based on the options of DAX that measures the performance of the Prime Standards 30 largest German companies in terms of order book volume and market capitalization.
VSMI is calculated based on options of the Swiss Market Index (SMI).
VSTOXX is calculated based on the Dow Jones EURO STOXX 50 real-time options prices, Dow Jones EURO STOXX 50 is Europe's leading Blue-chip index for the Eurozone.
It provides a Blue-chip representation of supersector leaders in the Eurozone. The index covers 50 stocks from 12 Eurozone countries: Austria, Belgium, Finland, France, Germany, Greece, Ireland, Italy, Luxembourg, the Netherlands, Portugal and Spain. Table 5 . 
